Abstract. This paper deals with the critical blow-up and extinction exponents for the non-Newton polytropic filtration equation. We reveals a fact that the equation admits two critical exponents q 1 , q 2 ∈ (0, +∞) with q 1 < q 2 . In other words, when q belongs to different intervals (0, q 1 ), (q 1 , q 2 ), (q 2 , +∞), the solution possesses complete different properties. More precisely speaking, as far as the blow-up exponent is concerned, the global existence case consists of the interval (0, q 2 ]. However, when q ∈ (q 2 , +∞), there exist both global solutions and blow-up solutions. As for the extinction exponent, the extinction case happens to the interval (q 1 , +∞), while for q ∈ (0, q 1 ), there exists a non-extinction bounded solution for any nonnegative initial datum. Moreover, when the critical case q = q 1 is concerned, the other parameter λ will play an important role. In other words, when λ belongs to different interval (0, λ 1 ) or (λ 1 , +∞), where λ 1 is the first eigenvalue of p-Laplacian equation with zero boundary value condition, the solution has completely different properties.
Introduction
In this paper, we consider the following doubly degenerate parabolic equation with source (1.1)
∈ Ω × (0, +∞), u(x, t) = 0, (x, t) ∈ ∂Ω × (0, +∞), u(x, 0) = u 0 (x),
x ∈ Ω, where p > 1, m > 0, m(p − 1) < 1, λ > 0, q > 0, Ω ⊂ R N (N > p) is a bounded domain with smooth boundary, and u 0 (x) ∈ C 0 (Ω) is a nonnegative function. Throughout this paper, I denote Q = Ω × (0, +∞), Q T = Ω × (0, T ), Q (t 1 ,t 2 ) = Ω × (t 1 , t 2 ).
Parabolic equations like (1.1) appear in population dynamics, chemical reactions, heat transfer, and so on. In particular, equation (1.1) may be used to describe the non-stationary flows in a porous medium of fluids under polytropic conditions. In this case, equation (1.1) is called the non-Newtonian polytropic filtration equations (see [5] , [8] , [11] and references therein).
The problem of determining critical exponent is an interesting one in the general theory of blow-up or extinction solutions to different nonlinear evolution equations of mathematical physics (see [1] , [3] , [6] , [7] , [10] and references therein). Recently, a lot of papers are devoted to discuss the following degenerate equation
x > 0.
In 2) with source and without boundary flux and to reveal the phenomena described as [4] , [9] . Following from [2] , [8] , [11] , we can get the local existence of weak solutions in the sense of the following definition.
Definition. A function u ∈ E is called to be a weak upper (lower) solution of problem (1.1), provided for any T > 0 and any 0 ≤ ϕ ∈Ẽ, the following inequalities hold:
Furthermore, u is called a weak solution of (1.1) if it is both a weak upper and a lower solution.
To state our results, we introduce the following two functions:
and the following eigenvalue problem for p-Laplace
Denote λ * and ϕ * be the first eigenvalue and its corresponding eigenfunction of problem (1.3). It is obvious that λ * > 0 and ϕ (1) If 0 < q < 1, then u(x, t) exists globally, and is locally uniformly bounded; This paper is organized as follows. In the next section, we give the critical blow-up exponent and prove Theorem 1.1. In Section 3, we give the critical extinction exponent and prove Theorems 1.2 and 1.4.
Critical blow-up exponent
In this section, we consider the critical blow-up exponent to problem (1.1) and prove Theorem 1.1.
Proof of Theorem 1.1. (1) Suppose u is a weak solution of problem (1.1), then by the weak maximum principle (see [2] , [8] , [11] , [13] ), we conclude that
. Since 0 < q < 1, then it is not difficult to see that u is locally uniformly bounded.
(2) Note the definition of F (u) and H(u), and a simple calculation show that
According to (2.2), we see that
While for the case m(p − 1) < q < 1, if u is a weak solution of problem (1.1), then by the weak maximum principle (see [2] , [8] , [11] , [13] ), we conclude that
, which implies that u is bounded in any finite time. However, we have
Suppose to the contrary, there would exist a positive constant M , such that
From (2.4), we infer that
, where λ 1 is the first eigenvalue of the p-Laplacian equation with homogeneous Dirichlet boundary value condition and denote A h (t) = {x ∈ Ω; u(x, t) ≥ h}.
In the following, we shall show that
A simple computation, we get
By using the Poincare's inequality, we get (2.13)
i.e., (2.14)
Take (2.10) into account, we conclude that
Furthermore, we get (2.16) 1 2
Recalling the definition of K 0 , we arrive at
Noticing that Ω (u − K 0 ) (6) When q = 1, it follows from (2.4) that
By a direct calculation, we obtain
Since 1 + m > mp, we have lim t→+∞ H(u(t)) = +∞. 
Thus, we get from (2.4) that
.
Since q + m > mp and q > 1, there must exists a positive constant T * < +∞ such that lim t→T * H(u(t)) = +∞. 
Critical extinction exponent
Now, we characterize the critical extinction exponent of problem (1.1) and prove Theorems 1.2 and 1.4.
Proof of Theorem 1.2.
We divide the proof into three cases:
, and integrating over Ω, we get (3.1)
It is clear that the inequality is valid for q = 1 even if u is unbounded. Since N > p, recalling the imbedding theorem, we have
Hence, we have
If there exists a t 0 > 0, such that f (t 0 ) = 0, then
Recalling Gronwall's inequality, we obtain (3.6) f (t) ≡ 0 for any t > t 0 .
Otherwise, f (t) > 0 holds for all t. Then we get
By a simple calculation, we arrive at (3.8)
Let u 0 (x) be sufficiently small such that (3.9)
The two inequalities above give
From (3.10) above, we see that there must exist a T > 0 such that f 1−α (t) ≤ 0 for t ≥ T . Obviously, it is a contradiction. In conclusion, there exists a positive constant T * such that
, and integrating over Ω, we get (3.12)
. Substituting (3.13) into (3.12), we obtain (3.14)
By a direct calculation, we further have
To simplify, we denote (3.16)
µ(u(t))
= λ|Ω|
If µ(u 0 ) < 0, we claim that µ(u(t)) is decreasing with t. To see this, we assume there exists some time T > 0, such that d dt µ(u(t)) | t=T ≥ 0 and make a contradiction. Since µ(u 0 ) < 0, it is easy to see that
Then, using (3.15), we get
We can get a contradiction, so the claim is correct.
We further get
i.e., (3.17 )
It is evident that there exists a positive constant T * > T such that
Case 3. q = m(p − 1), λ < λ 1 . Multiplying equation (1.1) by u m and integrating over Ω, we conclude
which implies that
Therefore, we conclude that u(·, t) L m+1 (Ω) → 0 as t → +∞. In addition, by (3.19), we have
Using the imbedding theorem, we obtain if
results. Firstly, we construct weak lower non-extinction solution of problem (1.1).
Hence, we get
That is u is a weak lower solution of problem (1.1).
is a solution of the following problem
Then we have (3.34)
Then we can choose a µ > 0 small enough such that
In fact, from (3.33), it is not difficult to see that g(t) is a nondecreasing and bounded function.
, it is easy to check that F (x) is decreasing in (0, 1) and
Thus we can choose µ > 0 small enough to satisfy (3.36). Next we construct an upper weak solution of problem (1.1). Let u(x, t) be the solution of the following problem (3.37)
From [2] , [8] , [11] , we know that problem (3.37) admits at least one weak solution. In addition, the weak solution u(x, t) is also a weak upper solution of problem (1.1). Note. We give the proof of Remark 1.6 in this note. The basic idea follows from [12] . If u is a weak solution of (1.1), then u is also a weak upper solution of the following problem 
